The reflexion of an elastic wave by a rigid boundary of a semi-infinite solid with periodic profile is investigated theoretically. The problem is formulated in terms of an integral equation for the traction at a single spatial period of the boundary surface. Numerical results pertaining to the reflexion of either an incident P-wave or an incident SV-wave for a sinusoidal profile are presented. The calculations have been carried out for three different heights of the periodic profile and for two Poisson ratios (those of fused quartz and silver).
Introduction
In this paper the reflexion of elastic waves by a rigid boundary with a periodic profile has been investigated theoretically. Up to now most of the interest per taining to rigid periodic boundaries has been focused on the diffraction of acoustic waves in a fluid (cf. Fortuin 1970). However, the diffraction of elastic waves is more Their results show remarkable variations in the intensity curves for the reflected wave of zero spectral order at those angles of incidence where a Rayleigh wave could propagate along a plane stress-free boundary. This phenomenon has motivated a study as to what would happen with a rigid periodic boundary, since along the plane rigid boundary no surface waves can travel. In the present paper, application of the integral-equation technique leads to a vectorial integral equation for the unknown traction at a single spatial period of the boundary surface. Once the traction has been determined, the reflexion factors of waves of different reflected spectral orders can be determined. A collection of numerical results is presented pertaining to: an incident P-wave and an incident SV-wave; three different heights of the periodic profile; two Poisson ratios. f T he research reported in th is paper has been supported b y th e N etherlands organization for th e advancem ent o f pure research (Z.W .O.).
[ 487 ]
To locate a point in space, we use the Cartesian coordinates xv x2 and It is assumed that the configuration is independent of The subscript notation for vectors and tensors will be used. Latin subscripts are to be assigned the values 1, 2 and 3, while Greek subscripts are to be assigned the values 1 and 2; for repeated lower-case subscripts the summation convention holds. Occasionally, the bold-face notation will be used to denote a two-dimensional vector; in particular x (x1} x2) will denote the two-dimensional position vector.
We assume that all field quantities vary sinusoidally in time with circular frequency o). The complex time factor exp ( -i(ot) (i is the imaginary unit, t is time) is omitted throughout. 
F o r m u l a t io n o f t h e p r o b l e m a n d m e t h o d of s o l u t io n
A homogeneous isotropic perfectly elastic solid occupies a semi-infinite domain with a spatially periodic rigid boundary A (figure 1). The mechanical properties of the material are characterized by its mass density p and its stiffness coefficients (see Achenbach 1973, p. 53)
in which A and p are the Lame coefficients of the material and 8tj is the symmetrical unit tensor of rank two: £n = 822 = 8ZZ = 1, 8^ 0 if In the medium, a two-dimensional elastic wave motion is present, of which the particle displacement ua = ua(x) and the stress Tap = Tap(x) in which, upon approaching the rigid surface, the total particle displacement has to satisfy the boundary condition,
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The periodicity of the boundary surface A (with period D) and the structure of the incident wave entail a quasi-periodicity in the reflected elastodynamic field, so that exp(-iyfc1a;1X and exp( -i^a^) are periodic in xv In the domain rr2max < x2 < oo, where #2max denotes the maximum value that x2 can attain on the boundary surface A, the reflected elastodynamic field can be written as a superposition of plane waves (both P nJxq) with XqeL and taking the limit x -+Xq. With the aid of the relations ua ya[x\ x') = u%Jx; x') and dgU^a(x; x') = -dgufa(x; x'), which can easily be estab lished from (2.10), the result is rearranged. Then, by using the boundary condition (2.7) we obtain
in which the Cauchy principal value of the integral has to be understood. Equation (2.13) is a vectorial integral equation of the second kind, from which the traction Ta/sn/} on a single period L of the boundary surface can be computed. The latter integral equation seems to be new in elastodynamic diffraction theory. We prefer to base our computations on the integral equation (2.13) but shall also use the results from the integral equation (2.12) for comparison. T a b l e 7. R e s u l t s f o r a n i n c i d e n t P -w a v e w it h a n a n g l e o f in c i ---------------------\ < -----------------------\ < --------------------- in which 8( x -^') is the two-dimensional delta function and ba an arbitrary consta vector.
kaD --t------------------
For our problem we apply the reciprocity relation to a domain S1 inside C for which we choose the closed contour consisting of two straight lines parallel to the #2-axis, a period D apart, together with the curve L corresponding with a single period of the boundary profile and finally a straight line parallel to the a^-axis, not intersecting L (see figure 3) . Then, we obtain for a point P inside S1
[< (* ; *')t£a(* ' ) -< ( * ' )^,)]7iy?(»') ds(^') = bauT a(x), x e S v (A 4) The Green solution is further chosen in such a way that in the integral representation (A 4) only the contribution from L remains. This is achieved by requiring that u%(x; x') consists of waves which travel away from the source point P with co ordinates xx, x2 in the ^-direction. Then it can be shown that the contribution from the straight line parallel to the a^-axis vanishes. Further, by requiring that v%(x; x') possesses, at a fixed value of x2, a phase variation exactly opposite to the one of uT a, the contributions from the two straight lines parallel to the a:2-axis cancel each other. An enumeration of these requirements for the Green solution yields In order to obtain a solution of (A 8), we take a Fourier transform of with respect to {x2 -x'2). The latter is given by Application of the reciprocity relation to the incident field u\ and the domain $2, keeping P fixed in S1 we obtain J [u%(x; x')Tifiix^-ulix'yT^pix;x')]nfi(#') ds(*') = 0, x e S v (A 17)
Combining (A 16) and (A 17), using (2.6) and the boundary condition (2.7), we obtain . Uy(x) = J xf)TaJg(x')n/x')ds(x'), (A The unknown traction can be determined from the integral equation (2.12) or (2.13), obtained by choosing P on L. We observe that, for ^ £2max, x2 -x2 ^ 0 for all x2; we then arrive at the expansion (2.8) together with the expressions (2.11) for the reflexion factors. Generally, the expansion (2.8) is not allowed in the grooves for x2 < rr2max, however in that case (A 18) still gives the exact representation for the reflected field.
